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ABSTRACT

Hydraulic fracturing simulations initiated after early years of the first application of this technology in the
oil industry. Since then, several methodologies have been examined to model this complicated process. These
approaches resulted in significant progresses in the modeling of hydraulically created fractures. Features such as out
of plane propagation, proppant transport, fluid flow, thermal stress, etc., were added to the models and made them
more reliable. As the number of stimulated wells increased due to combination of hydraulic fracturing and
horizontal drilling in unconventional reservoirs, prediction of final fracture geometry before the actual operation
became necessary. Thus, an effective model is needed to obtain a successful hydraulic fracture treatment.

Two dimensional hydraulic fracture models were between the early analytical models for predicting the
final fracture geometry. Inefficiency of these models in predicting fracture geometry in reservoirs with complex
layers caused the development of so called P3D models. Later on, P3D short comes resulted in the development of
fully 3D models. Several 3D models have been developed since then by coupling fluid flow equations with fracture
mechanics. Although 3D models give more accurate results than others, out of plane propagation is not considered
in majority of them. They simply ignore the near-wellbore effects of deviated wells and assume a planar starting
crack that has extended beyond this region. This problem was solved later using true 3D models that still suffer
expensive computation time.

In this study, a historical background of hydraulic fracture modeling is presented. An overview of
analytical models is presented first. Then, improvements in numerical modeling within last decades are investigated
in detail. Common assumptions in modeling of hydraulic fractures are presented and mathematical equations for
each assumption is explained. Coupling of rock behavior equations with fluid flow equations is described. In
summary, suggestions for potentially future improvements in modeling are highlighted.

INTRODUCTION

Hydraulic fracturing is the process of creating a fracture in the rock using a pressurized fluid. The
technique has been used for more than 60 years in petroleum engineering to increase production from low
permeability reservoirs and has wide applications in other geomechanics fields such as disposal of waste drill
cuttings, heat production from geothermal reservoirs, fault reactivation and measurement of in situ stresses. Another
application of hydraulic fracturing is in unconventional reservoirs such as tight gas, CBM, and shale. The potential
of these reservoirs in production of oil and gas makes it imperative that oil and gas industry find the best plausible
technique to exploit these reservoirs efficiently and economically. Hydraulic fracturing of tight gas started in late
1970’s and proved to be the best way to produce from unconventional reservoirs. Fracturing of shale formations
started in the mid 90’s and it is shown that the performance of these reservoirs is highly dependent on design of the
hydraulic fracturing [1].

Typically, hydraulic fracturing process starts with pumping a high-pressure fluid to pressurize a sealed
section of the wellbore and break the rock. By injecting more fluids into the newly created crack, it tends to
propagate or turn into the direction of maximum horizontal far field stress. As the hydraulic fracture reaches its final
length, a fine grain material, called ‘proppant’ is placed in the fracture in order to keep the newly created fracture
open after the treatment is finished. Hydraulic fracturing can be used to bypass the induced damage from the
wellbore or to increase production of tight reservoirs such as shale.

For many reasons (e.g. high cost of the fracturing fluid and proppant), estimation of the final fracture
geometry is needed prior to the real fracturing job. Therefore, prediction of the growth behavior of hydraulic fracture
in a specific time domain became the objective of large number of studies since the early years of its application. In
majority of these studies, a fluid pressure or an injection rate at the wellbore is specified and fracture dimension,
proppant placement and fracture closure pressure is calculated. The solution for these problems is one of the key



components that is needed to properly design the hydraulic fracturing process. Solving these problems require a
comprehensive understanding of the processes that are involved in a typical hydraulic fracturing process.

Generally, hydraulic fracturing is a three dimensional problem which, even in its most basic form, requires
the coupling of at least five practices including: (i) mechanical response of the rock due to hydraulic load on its
surface; (ii) pressure distribution caused by a fluid motion inside the fracture; (iii) Fracture propagation regime; (iv)
fracturing fluid diffusion into the rock (Leak off); (v) thermal exchange between fluid and reservoir rock and fluid.
The problem can be much more complicated by taking into account the effect of other components of a real
hydraulic fracturing process. Composite layering effect, multi layers formation, far-field stress magnitude/direction
change, and presence of a free surface, natural fractures etc. are some examples of such components that may or
may not exist during hydraulic fracturing. In addition to the components discussed earlier, uncertainty of the
problem tends to the classification of the problem as *““data limited”” based on Holling’s classification [2]. All of
these processes make hydraulic fracturing a complex problem in which obtaining a closed form analytical solution
may not be possible. Therefore, some of these components are neglected and a relatively simplified hydraulic
fracturing problem is usually studied.

HISTORY AND BACKGROUND

The first non-acid hydraulic fracturing treatment for reservoir stimulation was tested in Hugoton field in
Kansas in 1947 on a gas well [3]. Currently, tens of thousands of wells are stimulated hydraulically to ensure the
economical production. Most of these reservoirs need an expensive mass injection of fluid and sand (or proppant),
therefore an optimized hydraulic fracture design is crucial.

Hydraulic fracture models can broadly classify into two man categories; Analytical modeling and
numerical simulations. Early models were mainly analytical and starting from 60’s the numerical simulations
became impotent. Generally speaking, besides of the method used for solving such a problem, there are four main
processes to be addressed that are fracture initiation, fracture propagation, fluid flow and proppant transport, and
fluid leak-off into the rock matrix.

In fracturing, a portion of fluid leaks off into formation due the nature of porous rock that is under pressure.
Depending on permeability and effective porosity, the leaked off fluid can increase the pore pressure near the
fracture surface. Therefore, compressive stress on the surface of the fracture will increase. This may be accounted
for by incorporating the poroelasticity law. However, this phenomenon is almost transient in low permeable rocks
with milidarcy permeability range. Thus, neglecting the poroelasticity in fracture modeling is not far from reality in
these reservoirs and thus, is not considered in this work.

ANALYTICAL MODELS

The first simple analytical models were developed in 1950s in an effort to obtain a close form solution for
the geometry of hydraulic fracture based on reservoir and fracturing fluid properties and as a function of pumping
parameters and the state of stress [4]. There are three main types of 2D analytical models that have been used for
quick fracture analysis: i) PKN model, ii)) KGD model, and iii) Radial model. One of the pioneer works in this area
was the paper published by Pekins and Kern [5], which introduced so called PK model. This model is composed of a
vertical ellipse and a horizontal ellipse. Nordgren [6], improved PK model to account for the effect of fluid loss. The
modified model is called PKN. Since PKN model defines the fracture into vertical sections that act independently,
the fracture tip becomes very important in the calculation of propagation path. Figure 1 shows a schematic of PKN
model geometry.

Another well-known model was developed by Khristianovic and Zheltov [7] and Geertsma and de Klerk
[8]. This model, called KGD [7], describes the fracture into horizontal layers, emphasizing on the importance of
fracture height (Figure 2). PKN model is suitable for larger fracture length/height ratio while KGD models are
applicable to short fractures where plain strain conditions are pertinent in horizontal sections [9]. Using 2D fracture
models assuming a constant height in each step, fracture length and width can be calculated (Figure 4 and Figure 5).
Both, Perkins and Kern and Geertsma and de Klerk derived radial solutions for their models. These modes are
known as radial PKN and radial KGD respectively.

The equations of radial fracture geometry, with assumption of constant pressure was solved by Sneddon
[10]. Radial models, assume a penny shape fracture with constant pressure (Figure3). Several variations of these
analytical models have been developed that account for a power-law fluid [11], leak off and fracture toughness [12],
an impermeable rock [13]; a zero toughness and a leak-off dominated case [14]. These models are different also in
other aspects. PKN model is appropriate when the length of the fracture is much higher than its height. On the other
hand, KGD model is useful for the cases where the fracture length is short and horizontal plain strain is considered.



The radial model is applicable, when pressure distribution is constant and injection is a point source. Although, the
usage of 2D analytical models reduced in 1990s due to emerging of pseudo 3D models, they are still used for the
purpose that discussed earlier. A shortcoming of 2D models is that they assume that the height of the fracture is
constant. Therefore, height growth cannot be estimated using these models.

Pseudo 3D models were developed in 1980s by removing the assumption of the constant height [15, 16].
In pseudo 3D solution height is a function of fracture half-length and elapsed time. The assumption in these models
is that fracture length is greater that its height. Another major difference between P3D models and 2D models is the
two dimensional fluid flow in the fracture. Fluid flow in the 2D models in one dimensional along the fracture length,
but in 3 D fracture length also the vertical fluid movement is considered. There are two basic Pseudo 3D models:
cell based and lumped models. In the cell based approach, the length of the fracture is divided into PKN type
rectangles with their own heights (Figure 6), while in the lumped models, fracture consists of two half ellipses on
top of each other (Figure 7). A detailed comparison between 2D and P3D fracture models can be found in Warpinski
et a [17]. P3D models like 2D models cannot estimate the geometry of fractures with arbitrary shapes and direction.
They assume that the fracture a simple 2 wing fracture initiated and propagating in direction of maximum horizontal
stress. In order to predict the geometry of fractures other than this situation a three-dimensional fracture is needed.

First attempts for developing three dimensional models started in late 1980s [4]. The first developed
models for this purpose were planar 3D models [18-22] because they couldn’t predict the out of plane propagation.
These models presented the fracture surface by a moving triangular grid (Figure 8) or a fixed rectangular mesh
(Figure 9). Later on out of plane propagation added to the planar 3D models [21, 23, 24]. Also, the effect of near
wellbore region modeled using a 3D simulator by Carter et al. [25].

In recent years, combination of the horizontal drilling technology and horizontal completion has opened up
a large potential of hydrocarbon production in uncongenial reservoirs. Hydraulic fracturing in these reservoirs is
much more complex compared to vertical wells. Usually horizontal wells are completed by placement of multiple
fractures. Each of these fractures affects others and results in the change of stress distribution in the system. The
complex state of stress created by presence of multiple fractures results in complex propagation of the fractures in
the system and may cause impeding the injection of proppant and leading to premature Screenout [26]. Therefore, a
fully 3D hydraulic fracture simulator is needed.

NUMERICAL SIMULATIONS

Analytical models cannot be used for more complicated fracture geometries. Thus, a numerical method is
usually used for solving the problem of fracture with complicated geometries. The most used numerical methods for
solving hydraulic fracture problems are finite element method, extended finite element method, boundary element
method, and finite difference method. Examples of their application in hydraulic fracturing is abundant and can be
found in the literature (see for example [21, 27] for finite difference, and [23, 28-30] for boundary element method).

Each of these methods has their advantages and disadvantages. Finite element method has the advantage of
efficiency in modelling of mediums with anisotropy, heterogeneity and non-linearity. The matrices are symmetric in
this method but because of the need for discretizing the rock domain, the amount of computation to solve the
resulting system of equations is prohibitively excessive. Another disadvantage of this method is in problems with
moving boundaries. Since the boundaries of the fracture move when propagation occurs at the end of each time step,
re-meshing of the whole domain is needed which is inherently inefficient. Extended finite element method is a
modified version of finite element method that is more efficient than the original FEM. In this method, no
modification to discretization is required; mesh is created independent of the fracture geometry and its location.
Also, the convergence rate is improved compared to regular finite element method.

Another widely used numerical method for hydraulic fracturing is boundary element method in which the
equations are derived from boundary integral equation. In this method, only boundary of the crack needs to be
discretized which results in reducing the dimension of the problem by one. A special form of boundary element
method, called “displacement discontinuity method” [31] thought to be more suited to this kind of problem. In this
method, only the surface of the fracture needs to be discretized and the main unknowns are fracture opening and
stress change.

ASSUMPTIONS IN MODELLING HYDRAULIC FRACTURES

Before clarifying assumptions in hydraulic fracturing, mathematical equations that are used to model
hydraulic fracture behavior should be understood. There are five equations that govern hydraulic fracturing
behavior; i) the elasticity equation, ii) fluid flow equation, iii) leak-off equation, iv) proppant transport equation, v)
fracture propagation equation. Elasticity equation is the mechanical response of the rock due to a hydraulic load on



the fracture surface. Fluid flow equation is mass conservation, which relates mass entering fracture to pressure on
the surface of the fracture. Leak off equations describe the effect of fracturing fluid entering to the reservoir due to
difference between injection pressure and pore fluid pressure. Propanat transport describe the mass concentration of
the proppant with time and in each position inside the fracture. Probably, the most important equations in hydraulic
fracturing are the equations for fracture growth. Fracture propagation criteria, direction of propagation, and rate of
the propagation are governed by these equations. Solution of hydraulic fracturing problem requires coupling of these
five equations (if more complications be ignored) in the same model. Location of the fracture front, fracture width,
fluid pressure, and proppant concentration during treatment are parameters that should be known during treatment.
Having all of these equations together makes the model inefficient. Therefore, some simplifications are needed in
order to get the required solution.

First assumption in problem of hydraulic fracturing is that the rock layers are parallel to each other having
different mechanical properties. Usually rock is assumed to be linearly elastic and natural discontinuities (i.e. natural
fractures, faults, etc.) are ignored. Reservoir medium is presumed homogeneous and stress field is in the reservoir is
the same everywhere. Also, the effect of stress change due to poroelastic effect and preexisting fractures are
neglected. Majority of modeling approaches assume that hydraulic fracture is two symmetric wing fracture. Few
approaches consider fracture propagation in a system of natural fractures. Fracturing fluid is usually considered
incompressible and fluids are assumed to be immiscible. Typically a simple fluid rheology such as Newtonian or
power law is used for the fluid flow inside the fracture. However, the actual fracturing fluid in some practices has
more complicated rheologies. Commonly, a simple one-dimensional is used for leak off effect and interaction
between proppant particles is neglected.

LINEAR ELASTICITY EQUATIONS

In order to understand the mechanism of hydraulic fracturing, two critical key factors, i.e. rock mechanics
and fluid mechanics, should be understood well. Rock mechanical properties that is described by elasticity equation
dictate the stress and strain distribution in the rock body, and fluid pressure is the controlling factor of change in
stresses and displacements [32]. Combination of rock and fluid mechanics control the fracture geometry. Therefore,
these two factors are the key elements that should be considered as a priority in hydraulic fracturing. Elasticity
equation relates the displacement of the rock to the pressure on the surface of the fracture due to injection of the
fracturing fluid. The integral form of the elasticity equation can be written as [4]:

Cp = fﬁ?(:w; $om) wlon, t) df dn = pley, ) — a.(x, %) M

where P is the fluid pressure, @, is confining stress, and w is the fracture width. C is the kernel function that
contains the information about elastic medium. For simplified fracture geometries and considering some
simplifications, equation (1) can be solved analytically. For more complicated forms a numerical method is used to
solve the equation.

FRACTURE PROPAGATION

Study of fracture propagation is the most important part of every hydraulic fracture model because of the
dynamic essence of problem. Final estimation of the dimension of hydraulic fracture depends on the chosen fracture
propagation mode. Generally, three different fracture propagation modes exist in fracture mechanics, namely, Mode
I or opening mode, Mode II or sliding mode, and Mode III or tearing mode. Figure 10 shows a schematic of these
three propagation modes.

There are three different fracture propagation criteria to predict the direction of propagation in fracture
mechanics; Maximum tensile stress criterion, or o-criterion [33]; Minimum strain energy density criterion or S-
criterion [34]; Maximum energy release rate criterion or G-criterion [35]. Modified G criteria for predicting mixed
fracture propagation direction was introduced by Shen et al. [36]. Behnia [37] compared the result of these three
propagation criteria. The result of their study is shown in the Figure 11. Because of its simplicity and reasonable
results, o-criterion seems to be most popular criterion in mixed mode fracture propagation studies. This criterion is
capable of predicting the mixed mode (shear and tensile) fracture propagation.

Stress intensity factor and fracture toughness are two parameters that control initiation and propagation of
fracture. Similar to the relationship between stress and strength, fracture toughness is the critical form of stress
intensity factor. Certain failure criterion needs to be used in order to predict the fracture propagation direction. For



each step of loading on fracture, stress intensity factor should be examined to see if the propagation occurs. Since
the geometry of the problem continually changes during the propagation process, the stress intensity factor needs to
be calculated numerically.

In a system of uniaxial loading, a fracture will propagate along a straight line perpendicular to the direction
of applied load when:

K> K¢ (2)
In a problems with a complex load, the mixed mode fracture propagation criterion introduced by Erdogen [33] may

be used to predict both shear and tensile fracture propagation. The condition for crack propagation based on this
criterion is:
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where g is crack propagation angle and is defined as:
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At the crack tip the following condition should be satisfied:
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FLUID FLOW WITHIN THE FRACTURE AND LEAK OFF

Hydraulic fracturing may be considered as two parallel irregular surfaces in which the width varies along
the length as a result of a fracturing fluid pressure gradient along the fracture. The fluid flow inside the fracture by
itself is a complex problem because of a non-Newtonian nature of the fracturing fluid and the possibility of reaching
turbulent flow. Considering the fracturing fluid diffusion into the rock matrix and the heat transfer between
fracturing and pore fluid would add to the complexity of the problem. A non-linear differential equation form of
lubrication theory usually models the fluid flow inside fracture. These equations relate the fluid velocity, crack
opening and pressure profile inside the fracture.

Reynolds’ equation is used for solving fluid flow equation in the fracture [4]. Two-dimensional Reynold’s
equation is written as:
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where p is the fluid density, g is the gravitational acceleration, & is the Dirac delta function, @ is the injection rate,
and . D equals to:
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where g is the Newtonian fluid viscosity. If the effect of leak off be considered, equation (6) we be:
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where (7 is the Carter leak off coefficient and t4(x, ¥} is the time for starting leak off and:
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where for a Newtonian fluid g3'=1 and K’ = 4 . In most of the hydraulic fracturing simulators it is assumed that the

leak off is one dimensional and it is orthogonal to the fracture surface [4]. Fluid flow equations are usually solved
using finite difference method. The simplest case is for one-dimensional fluid flow inside the fracture and assuming
a Newtonian fluid. Since steady state condition is assumed, fluid injection is assumed to be constant and the net
pressure is assumed to be zero at the tip of fracture as the result of the fluid lag Figure 12. In the lag area, which is
located at the tip element, fluid pressure is zero. Boundary conditions for the problem are:

q(0,t) = ¢; = constant (12)

pelx, ) — 0, =0 (13)
where v is far-field stress normal to the fracture surface.

PROPPANT TRANSPORT

Proppant transport in the fracture is usually modeled by assuming a mixture of solid particles (proppant)
and fracturing fluid. Therefore, fluid flow equations discussed in the previous section needs to be modified for the
presence of proppant. The solution for proppant transport is usually given by the volumetric concentration of solid
as the function of time and location [38]. For the modelling of proppant in the fracture three assumptions are
considered; 1) proppant and fracturing fluid are incompressible, ii) proppant size is small compared to the width of
the fracture, iii) if the gravity force be neglected, proppant and fluid move at the same velocity [4].

COUPLING OF THE FLUID FLOW AND ROCK MECHANICAL DEFORMATION

Fracturing fluid affects the fracture behavior in two ways; it may increase the fracture width or even cause
the fracture propagation. On the other hand change in fracture dimension results in change of fluid pressure.
Therefore, two-way interaction between fluid and rock should be understood in order to solve problems of hydro-
mechanical coupling correctly. This interaction is the key factor of coupling part of any hydraulic fracture model.

Interaction between rock and fluid may be solved mathematically in two different ways, implicitly and
explicitly. In the first method equations of fluid flow and rock mechanics are solved together. Solutions that are
based on Darcy’s law are solved in this way. Finite element is the common numerical method that is used for this
kind of solution. Zhang [39] used boundary element method for solving this equations. The second method, which
is simpler than implicit method, is the method in which equations of fluid flow and rock mechanics are solved
separately, then solutions are coupled explicitly. Answer of each part effect the solution for the other part. Therefore,
an iteration process is needed between fluid flow solutions and rock mechanical solutions. The computational time
for the second method is longer than the first method that is a disadvantage for this method.

An example of the explicit method for coupling solutions obtained from a boundary element method and
finite difference method is given below. As discussed earlier displacement discontinuity method is widely accepted
for fracture problem. In this example this method is used to calculate the displacement and stresses on the boundary
of a fracture due to an applied load. A standard forward finite difference is also used to relate the injection of the
fracturing fluid to the distribution of the pressure in the fracture. The procedure for iteration is given below.

NUMERICAL CONSIDERATIONS

Two adjacent displacement discontinuity elements are considered as two hydraulic domains that are
connected hydraulically. Figure 13 shows how elements are considered for hydro-mechanical coupling. Fluid flow is
proportional to the pressure difference between two domains. Pressure and width are calculated at each iteration as
shown in Figure 14. Because of symmetry, only one wing of fracture is shown here. As it may be seen at end of each



iteration process, pressure and width distribution inside fracture are calculated. Iteration scheme shown in Figure 15
and the procedure below needs to be followed in order to get a correct answer.
A constant flow rate is injected from the middle of fracture (first element at the beginning of each half-

length). On the other hand net pressure is zero in last element. & unlike pressure and width, will be measured at
beginning and end of each element, i.e. beginning and end of each hydraulic domain.

Two main parts of coupling process are change of fracture width as the result of fluid pressure on fracture surface
and change in pressure inside the fracture that is related to fracture width. The iteration process for solving these two
unknowns is as follows.

Step 1 - The injection takes place at that wellbore is at the middle of fracture. Fluid flow inside fracture is
calculated using cubic law. Since width of fracture is assumed to be zero at the first time step, an arbitrary fluid
pressure profile is assumed inside the fracture. An arbitrary time step also will be chosen and it controls the amount
of fluid that inters the fracture.

Step 2 - Injection of fluid into fracture changes the fluid pressure. Pressure profile will change from
maximum at the wellbore to zero at the fracture tip. Pressure distribution is used in this step to calculate the new
fracture width using the geomechanical solver. Displacement discontinuity method is used again to calculate the
width in this stage.

Step 3 - As the result of pressure change inside fracture, width of fracture will change. Change in the
fracture width, will be given to fluid flow solver to calculate the new pressure profile. A comparison between two
sets of pressures/displacements indicates the end of iteration process, i.e. whether a convergence is reached. A
relaxation factor can be used in this section in order to shorten the iteration process.

Step 4 - Changes in fracture width results in fracture volume change. New fracture volume, hence changes
the fluid pressure and therefore a new pressure profile needs to be calculated again. In this step injected volume and
fracture volume is compared in order to make sure the correct time step were chosen. Time step is adjusted and all
the iteration process is repeated again.

After reaching convergence in each iteration, pressures and displacements will be checked for propagation.
If propagation condition is met, an element is added to the fracture tip as discussed in chapter three. Iteration should
be repeated again to get the new fracture pressures/width. This step is the end of one time step and all the procedure
is needed to be followed again for next time step.

Fluid Time Step -A proper time step is needed for the iteration described above, otherwise in next time
step fluid flow will be reversed and numerical solution would not converge. To achieve the convergence in each
time step, pressure difference of a domain must be less than original pressure difference between two domains [40].

This can be expressed as below:

@ &t 12 pl
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where [ is domain (element) length

SUMMARY

A review on the problem of hydraulic fracture modeling presented in this paper. General assumptions that
are considered in modeling of hydraulic fracture discussed. The equations used for modeling of hydraulic fracture
problems briefly reviewed. It showed that there are at least five equations that need to be solved simultaneously in
order to get a reliable solution to the problem of hydraulic fractures. Coupling part is believed to be the main
constraint for solving hydraulic fracturing problems. One solution to this problem may be the implicit iteration of
equations that needs derivation of new equations. It is believed that the process of hydraulic fracture in not
understood thoroughly yet. Therefore, another newly area in hydraulic fracture modeling that is propagation of
hydraulic fractures in the systems of natural fractures skipped in this study. Finally, some features in hydraulic
fracturing modeling that has not been answered yet is introduced:

e Current linear elastic hydraulic fractures are not efficient in modeling of coal bed methane
fracturing and a new approach is needed for modeling of these formations.

e Propagation of hydraulic fractures in unconsolidated sand stone cannot be done using current
hydraulic fracture simulators. Research on this area has been started with a limited success in
modeling of these reservoirs

e More researches on the cohesive zone in front of the fracture is necessary. Usually, this region is
implemented in hydraulic fracture models by assuming a fluid lag region.



e A proper model for study the behavior of hydraulic fractures approaching a natural discontinuity is
needed.

e As mentioned in the text, coupling of different equations is the main obstacle to have a
sophisticated hydraulic fracture. current fully three dimensional are computationally expensive
therefore, a faster numerical method is required to have more efficient simulator
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Figure 2 - KGD geometry
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